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Abstract. A non RNP Banach space E is constructed such that E* is separable 
and RNP is equivalent to PCP on the subsets of E. 



0^ 
^ , 

^ . Spiros a. Argyros and Irene Deliyanni 

(D ! (Herakleion Crete) 

in 
< 

The problem of the equivalence of the Radon-Nikodym Property (RNP) and 
the Krein Milman Property (KMP) remains open for Banach spaces as well as for 
closed convex sets. A step forward has been made by Schachermayer's Theorem 
[S]. That result states that the two properties are equivalent on strongly regular 
CN . sets. Rosenthal, [R], has shown that every non- RNP strongly regular closed convex 
set contains a non-dentable subset on which the norm and weak topologies coin- 



O I cide. In a previous paper ([A-D]) we proved that every non RNP closed convex 
^ ' contains a subset with a martigale coordination. Furthermore we established the 
■ Pa£-representation for several cases. The remaining open case in the equivalence 



of RNP and KMP is that of B-spaces or closed convex sets where RNP is equiva- 
lent to PCP in their subsets. Typical example for a such structure are the subsets 
of L^(0, 1). H. Rosenthal raised the question if this could occur when the dual of 
the space is separable. W. James {[J2]) also posed a similar problem. The aim 
^ ■ of the present paper is to give an example of a Banach space E with separable 
dual failing RNP, and RNP is equivalent to PCP on its subsets. As consequence 
we get that E does not contain Co(N) isomorphically and hence it does not embed 
into a Banach space with an unconditional skipped F.D.D. On the other hand E 
semiembeds into a Banach space with an unconditional basis. The last property 
allows us to conclude that every closed convex non-RNP subset of E contains a 
closed non-dentable set with a Pa£-representation. We recall that a closed set K 
has a Pa£-representation if there is an affine, onto, one to one continuous map 
from the atomless probability measures on [0,1] to the set K. In particular RNP is 
equivalent to KMP on the subsets of E. The space E is realized by applying the 
Davis-Figiel-Johnson- Pelczynski factorization method to a convex symmetric set 
W of a Banach space constructed in this paper. Finally as a consequence of the 
methods used in the proofs of the example we obtain that every separable B-space 
X such that X**/X is isomorphic to £^(r) has RNP. 

We thank H. Rosenthal and T. Odell for some useful discussions related to the 
problem studied in the present paper. We also thank the Department of Mathe- 
matics of Oklahoma State University for its technical support. 
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We start with some definitions, notations and results necessary for our construc- 
tions. 

A closed convex bounded set K is said to be 5-non dentable, 5 > 0, if every 
slice of K has diameter greater than 6. A closed convex set has RNP if it contains 
no 5-non dentable set. A closed K subset of a B-space has the P.C.P. if for every 
subset L of K and for all £ > there exists a relatively weakly open neibhd of 
L with diameter less than e. It is well known that RNP implies P.C.P, but the 
converse fails [B-R]. 

In the sequel V denotes the dyadic tree namely the set of all finite sequences of 
the for a = {0, £i, En} with = or 1. For a in P the length of a is denoted by 
\a\. A natural order is induced on V, that is a -< (3 if the sequence a is an initial 
segment of the sequence Two elements a, (3 oi V are called incomparable if 
they are imcomparable in the above defined order. We notice, for later use, that 
each a in "D determines a unique basic clopen subset Va in Cantor's group {0, 1}^ 
and a, {3 are imcomparable if Va^Vp = 0. 

A basic ingredient in the definition of the space E is Tsirelson's norm as it is 
defined in [F- J] . We recall that the norm of this space satisfies the following implicit 
fixed point property. 



For x = ^ A«t« 



II A^t^llr = maxjmax |A«|, -supS^ \ \Ejx\\T] 

' ^ K Z ' ^ 

K=l i=l 

where the "sup" is taken over all choices 

m < El < E2 < ... < En 

El, En is an increasing sequence of intervals in the set of natural numbers and 
EjX is the natural projection of x in the space generated by vectors of the basis 
{tk :fce Ej } Tsirelson's space is a refiexive Banach space with an unconditional 
basis not containing any for 1 < p < 00. 

l.a The space Eu 

The space E^ will be defined to have an unconditional basis indexed by the 
dyadic tree V and denoted by {ea)ae'D. For a sequence of reals (AQ,)aei' which is 
eventually zero we define 

e 

II ^ AaCall = sup{|| '^XaitkiWr ■ {ai}f=i are incomparable, 

\ai\ = Ki, Ki < K2< ... < Ki}. 

It is clear that (ea)aex> is an unconditional basis for the space E^ defined by the 
above norm. 
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1.1 Proposition. The dual of the space is separable. 

Proof. The spare has an unconditional basis hence it is enough to show that £^ 
does not embed into Eu [Ji]. 

Suppose, on the contrary, that £^ embeds into E^. Then, by standard arguments, 
we can find £i < £2 < ••• < ^fc < ••• ^in increasing sequence of natural numbers and 
{xk}'^=i a normalized sequence in Ey, equivalent to the usual basis of and 

The definition of the norm of E^^ and elementary properties of Tsirelson's norm 
show that 

m m 



k=l k=l 

so {te^.}'^2 equivalent to the basis This contradicts to the reflexivity of T. □ 

A consequence of the above Proposition is that the basis {ea)aeT> is shrinking. 
Therefore every x** in E** has a unique representation as 

X** = W* lim XaCa := tU* - XaCa 

|a|<n aeV 

and Aq. =< X**, Cq, * >. 

We define the support of x**, denoted by supp x**, to be the set 

{aeV:< x**,e; >^ 0}. 

1.2 Lemma. Given xl* , in E** such that there are ai, incomparable 

elements ofV so that supp x** is contained in ofWc^ = {P & V : P ~< or a ~< P}. 



Then 



i=l 



Proof. For n < m we define 

P[n,m]{x**) = 



a 

n<\a\<m 



and 

P[n,oo] {x ) — ^ ^ ^0:60. 

n<\a\ 

where Aq- =< x**, e* >. 

Using this notation we have 

d(x**. E..) = lim llPr„ ^^Ux**)\ 
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and 

\\P[n,oo]{xn\\ = lim ||P[,,^](a;**)|| 

m^oo 

To establish the result it is enough to show that for e > there exists n{s) such 
that for all m > n{e) 

\\P[m,oo]{i2^r)\\ >\Y.d{x*\E^)-e. 

i=l i=l 
Actually n{e) = max{K, |ai|, ...|aK|}. 

Choose any m > n{e). Inductively we define {qi,£i]i^i such that 

m< qi < £i < .. < qk < £k 

and ||P[,,,,,]«*)|| >d(xr,i?„)-f. 

For each 1 < i < k there is a set {/3j 1 < j < s{i)} of incomparable elements of 
T> such that q^ < < £i and 

Notice that -< (3j for all j = l...s{i). 

Observe that Ui<i<k {/?] : 1 < J < •^(^)} consists of pairwise imcomparable 
elements. So 

K, K 

\\P[m,oo]iY.<*)\\ ^ ll^[-A](E<*)ll ^ 

K s(i) ^ K s(i) 

II X]X]-^/3j%]iiiT ^ 2 X] iE-^/3j%iiiiT 

= ^Ell^feA]«*)ll > ^Eci(a;r,£;.)-6 □ 
i=i i=i 

Consider the following closed convex subset of the unit ball of Eu 

oo 

K = {x e Eu : X = E '^a^O' '^O = 1) '^a > 0, Xa = \a,0) + '^(a,l)}- 

n=0 |a|=n 

It is easily verified that K is the closed convex hull of a ^-tree {do()ae'D where for 
every a in V da is defined by the conditions e* (da) = 1, e^^ o)(^a) ~ i)('^a) ~ 
^ep{da) and c/q, e K. 

We set = co{K Li -K) and we denote by W its tu* closure in E**. Notice that 
X** eW |e* (a;**)| < 1, e^^ ^^(a;**) + e*^^^^^{x**) = e*(a;**) for all a in V. Hence 
we could define a map 
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with the rule 

where "I4 = {7 e {0, l}'^ : 7 t \a\ = a} 
Clearly T is one to one and onto. Furthermore 

fc 

\\T{ii)\\ < sup{^ \l^iyai)\ ■ {cti}i=i incomparable } = ||At||- 

i=l 

Hence T is extended to a bounded linear operator from M({0, 1}^) onto the linear 
span of W denoted by < 1^ >. 

l.b The Space E 

The space E is the result of the application of Davis-Figiel-Johnson-Pelczynski 
[D] factorization method to the set W defined above. 

We give the precise definition and certain properties of the space E. 

00 

E^iyeE^: \\\y\\\ = (J^Ml)^ < 00} 

n=l 

Here denotes the Minkowski's gauge of the set + -^Be^- 

Let J : E ^ Euhe the natural injection. We notice that J[Be\ contains the set 

W; hence E fails RNP. 

The operator J satisfies the following properties. 

P.I.: J** : E** El* is one to one and J**[E**] n = J[E]. 
As consequence of this property E* is separable. 

P.2.: J is a weak to weak homeomorphism on the bounded subsets of E. This 
is a consequence of P.l and it implies that J[L] is closed for all L, closed convex 
bounded subsets of E. In particular J is a semiembedding. 

P.3.: Let L be a closed convex bounded subset of E failing RNP. Then J[L] is 
non RNP. If not, J[L] is an RNP set, hence for any L- valued operator S : ^ E 
the operator JoS is representable by a function </? in Ly^^. Then the function 

^ = J~^(p represents the operator S and K is RNP. {[B — R]) 

P.4.: If L is bounded subset of E and J[L] fails P.C.P. then L fails P.C.P. 
Indeed, for {ynj^i, y in L such that J{yn)ZJ{y) and \\J{yn) - J{y)\\ > ^ > 

P.2. ensures that ynZy and also ||yn — y|| > TTTjT- Hence y is not a point of 

continuity. 

P.5.: J**[E**] C^W> 

For this, notice that Be** C + ^Be** hence 

J**[Be**] c nn{2'^w + ^Be**) c <w>. 

We proceed to the proof of the main property of the space E. 
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1.3 Proposition. Let K be a closed, convex, bounded, non RNP subset of E. Then 
K fails P. CP. 

Proof. Property 3, mentioned before, ensures that J[K] is non RNP closed subset 
of Eu. Hence for some 6 > there exists a convex closed L subset of J[K] which 
is 5-nondentable. Our goal is to show that every weak neighd in L has diameter 
greter than By a result due to Bourgain [B] it is enough to show that for 

every Si, S2, Sn slices of L there exists x** in Si i = 1, 2, n such that for all 



n J- 

d{Y,Kxr,E^)> 



256 



Given Si, S2, Sn slices of L. Using Lemma 2.7 from [R] we choose (a;|* )^>u;i 
an uncountable subset of Si such that 

d{xi:,-xi:„E^)>^foT^j^c- 



RecaU that L is a subset of J**[E**] C < > and that T[M{0, 1}^] is norm 
dense into <W>. Hence there are (A*$,i)^<a;i,i<n such that 
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\\Tfi^,i-x*^i\\< 



256 



Also, it is known that M({0, 1}^) = ( ^ ©L^(A7))i 

where {A-^}-y<2'^ are pairwise singular probability measures on {0,1},^ and 
Li(A..) =Li[0,l] or Li(A^) =K. 
Therefore 

^ dfi^,i 

7<2" ' 

where the sum is taken in £i-norm. 

Choose F^^i finite subset of 2^ so that the measure //^ ^ = ^ "nT^ satisfies 



dA- 



m,-m<i-, (1) 



In particular for ^ ^ C we get 



r 

d(T,iL . -T,i' ..E..) ^ - (2) 
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Apply Erdos-Rado's Lemma [C-N] to the family {F^ = U^^^F^^j,^ < uji} and 
find A uncountable, F finite such that for ^ 7^ C in A 

F^nFt^ = F. 
We set Xf = ^ and for ^ in A 

Claim: For all ^ = 1, the set Bi = e A : d{T^^.,Ey) < jq} is at most 
countable. 

Proof of the Claim. Suppose that for some i the set Bi is uncountable. Then, since 
L^(Af) is separable, there are ^ ^ ( in B^ such that 

dXp dXp 16 

But then 

which contradicts inequality (2) and this completes the proof of the claim. 
Choose ^1 < ^ 2 < ••• < Cn in A such that 



d{T,^^.,Eu)>- (3) 



In the rest of the proof we will denote (^j, i) by ^i. 

Notice that the measures z/^^, ■■•^'^„, Xp are pairwise singular. Choose Wi,..., Wn 
pairwise disjoint clopen subsets of {0, 1}^ pairwise disjoint such that for i = 1, m 

||.,.|^f||< Aandll^l C W^.IK— (4) 



We are ready to prove the desired property. Indeed, for A . > 0, A^ = 1 we 
have 

n n 

d(^A,r4,K)>c?(J]A,T^^^ r u Wj,Eu)> 

i=l i=l J=l 

n 

d{Y;^K{Tu^^ \W,),E^)-Y,M\Ti^U \ 
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Prom Lemma 1.2 we get 




and from (3) and (4) we get 



n 



1 35 
2T 



5_ 
64 



5 



128 



Finally from (1) we have 



n 



6 



dij2Kxi:,E^)> 



256 



So L fails P.C.P., and P.4 ensures that J ^(L) also fails this property. □ 

1.4 Remark The space E does not contain a subspace isomorphic to Co(N). This 
is because Co(N) contains a non RNP closed convex subset on which norm and weak 
topologies coincide. Therefore E does not embed into a space with an unconditional 
skipped block finite dimensional decomposition. The last follows from the fact that 
E fails P.C.P. and it does not contain Co(N). Finally E semiembeds into E^ a space 
with an unconditional basis. 

1.5 Proposition. The properties RNP and KMP are equivalent on the subsets of 
E. Furthermore if K is closed convex non RNP subset of E then it contains a subset 
L with a Pa£-representation. 

Proof. As we mentioned before if K is closed convex bounded non RNP then J[K] 

carriers the same properties and it is contained into E^ which has an uncondi- 
tional basis. Therefore, there exists an L closed convex subset of J[K] with a 
Pct^-representation [A-D]. Then J~^[L] has the same property. □ 

We conclude with the following result. 

1.6 Theorem. Suppose that X is a separable Banach space such that X** /X is 
isomorphic to £^{T). Then X has RNP. 

Proof. Assume that X contains a 5-non dentable subset K. Then the techniques 
developed in the proof of Proposition 1.3 shows that K is non strongly regular. 



Actually every > XiSi convex combination of slices will have diameter greater than 



. Hence by a result due to Bourgain [B], £^ embeds into X*, and by Pelczynski's 



Theorem [P] M[0,1] embeds into X**. But then there exists a sequence (a;**)neN 
weakly convergent to zero and d{x^,X) > 6. This contradicts the Schur property 



u 




i=l 



s 



1.7 Remark Odell in [O] has constructed a separable B-space X with X**/X = 
£^(2^). From a theorem by Lindenstrauss [L] follows that every separable B space 

X and its dual X* a.rp nf thp fnrm 7,** 1 7, fnr snmp spna.ra.blp Ra.na.rh sna.r.p 
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